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Abstract
An α-greedy balanced pair in an ordered set P = (V,≤) is a pair (x, y) of elements
of V such that the proportion of greedy linear extensions of P that put x before y
among all greedy linear extensions is in the real interval [α,α−1]. We prove that every
N -free ordered set which is not totally ordered has a 12 -greedy balanced pair.
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1 Introduction
Throughout, P = (V,≤) denotes a finite ordered set, that is, a finite set V and a binary relation ≤
on V , that is, reflexive, antisymmetric and transitive. The dual of P is the ordered set P d = (V,≤d)
such that x ≤d y if and only if y ≤ x. For x, y ∈ V we say that x and y are comparable if x ≤ y
or y ≤ x, denoted x ∼ y; otherwise we say that x and y are incomparable and we set x ≁ y. A
set of pairwise incomparable elements is called an antichain. A chain is a totally ordered set. For
x, y ∈ V we say that y is an upper cover of x or that x is a lower cover of y, denoted x ≺ y, if
x < y and there is no element z ∈ V such that x < z < y.
In the sequel, when this does not cause confusion, we shall not distinguish between the order
and the ordered set, using the same letter, say P , to denote both. A linear extension L of P is a
total order which contains P i.e. x ≤ y in L whenever x ≤ y in P . We denote by L(P ) the set of
all linear extensions of P .
An α-balanced pair in P = (V,≤) is a pair (x, y) of elements of V such that the ratio of linear
extensions of P that put x before y among all linear extensions, denoted PP (x < y), is in the real
∗Supported by NSERC DDG-2018-00011
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interval [α, 1 − α]. The 13 -
2
3 Conjecture states that every finite ordered set which is not a totally
ordered has a 13 -balanced pair.
If true, the ordered set disjoint sum of a one element chain and a two element chain would show
that the result is best possible. The 13 -
2
3 Conjecture first appeared in a paper of Kislitsyn [8]. It
was also formulated independently by Fredman in about 1975 and again by Linial [9].
The 13 -
2
3 Conjecture is known to be true for ordered sets of width two [9], for semiorders [4], for
bipartite ordered sets [14], for 5-thin ordered sets [6], for 6-thin ordered sets [3], for N -free ordered
sets [15] and for ordered sets whose covering graph is a forest [16]. See [5] for a survey.
In this paper, we consider a variation of the 13 -
2
3 Conjecture.
A linear extension L = x1 < · · · < xn of P is greedy if it is constructed inductively as follows:
(i) x1 is a minimal element of P .
(ii) Suppose that the first i elements x1, · · · , xi have already been chosen and consider the set
U(xi) := {v ∈ V : xi < v}. If U(xi) = ∅ or if U(xi) 6= ∅ and no element of U(xi) is minimal
in P \{x1, · · · , xi}, then choose xi+1 to be any minimal element of P \{x1, · · · , xi}. Otherwise
choose xi+1 to be a minimal element of U(xi).
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Figure 1: An ordered set and its greedy linear extensions.
Deciding whether an ordered set has at least k greedy linear extensions is NP-hard [7]. Denote
by G(P ) the set of all greedy extensions of P (see Figure 1 for an example). Note that a poset and
its dual do not necessarily have the same number of greedy linear extensions. Indeed, the poset
M depicted in Figure 2 has eight greedy linear extensions but its dual has four. It should also be
noted that the dual of a greedy linear extension is not necessarily a greedy linear extension of the
dual poset. Indeed, the dual of the greedy linear extension L = a < b < c < d < e of poset X
depicted in Figure 2 is not a greedy linear extension of Xd (this example is from [12]). A poset
P is reversible if Ld ∈ G(P d) for every L ∈ G(P ) [12]. A subset {a, b, c, d} of V is an N in P if
a ≺ b ≻ c ≺ d and a ≁ d. The ordered set is N -free if it does not contain an N . Rival and Zaguia
[12] proved that N -free posets are reversible. Since the dual of an N -free ordered set is also N -free
it follows that an N -free ordered set and its dual have the same set of greedy linear extensions.
We recall that if y 
 x, then there exists a greedy linear extension that puts x before y [2]. An
α-greedy balanced pair in P = (V,≤) is a pair (x, y) of elements of V such that the ratio of greedy
linear extensions of P that put x before y among all greedy linear extensions, denoted GPP (x < y),
is in the real interval [α, 1− α]. It is then natural to consider the following problem.
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Figure 2: Non reversible ordered sets.
Problem: What is the largest value of α such that every finite ordered set which is not totally
ordered has an α-greedy balanced pair?
The example shown in Figure 1 shows that α ≥ 13 .
Let L = x1 < · · · < xn be a linear extension of a poset P . A consecutive pair (xi, xi+1) of
elements is a jump in L if xi is not comparable to xi+1 in P . The jumps induce a decomposition
of the linear extension L into chains of P that we call the blocks of L. Thus, L = C1 ⊕ C2 ⊕ · · ·
where (supCi, inf Ci+1), i = 1, 2 · · · , are the jumps of L. Let s(P,L) be the number of jumps in L.
Let (a1, a2, ..., am) be a sequence of nonnegative integers summing to n and suppose we have
m categories K1, ...,Km. Following Stanley [13] page 16 we denote by
(
n
a1,a2,...,am
)
the number of
ways of assigning each element of an n-set S to one of the categories K1, ...,Km so that exactly ai
elements are assigned to Ki. For the case m = 2,
(
n
k,n−k
)
is just the binomial coefficient
(
n
k
)
. In
general we have
(
n
a1, a2, ..., am
)
=
n!
a1! a2! · · · am!
.
Theorem 1. Let P = P1 + P2 + · · ·+ Pm. Then
|G(P )| =
∑
L∈G(P1)
∑
M∈G(P2)
· · ·
∑
Z∈G(Pm)
(
s(L,P1) + · · ·+ s(Z,Pm) +m
s(L,P1) + 1, ..., s(Z,Pm) + 1
)
Proof. Let L = C1⊕C2⊕· · · be a greedy linear extension of P where (supCi, inf Ci+1), i = 1, 2 · · · ,
are the jumps of L. Each Ci, i = 1, 2 · · · , is a chain of P and hence each Ci, i = 1, 2 · · · , is a chain
of Pj for some 1 ≤ j ≤ m. For a fixed j such that 1 ≤ j ≤ k we let C
j
1 ⊕ C
j
2 ⊕ · · · be the blocks
of L that are chains in Pj so that C
j
l appears before C
j
l′
in L if l < l′, for all l, l′. We claim that
Lj := Cj1 ⊕ C
j
2 ⊕ · · · is a greedy linear extension of Pj where (supC
j
i , inf C
j
i+1), i = 1, 2 · · · , are
the jumps of Lj . Clearly, Lj is a linear extension of Pj . If C
j
i and C
j
i+1 are consecutive in L, then
(supCji , inf C
j
i+1) is a jump in L and hence is a jump in L
j. Else, Cji and C
j
i+1 are not consecutive
in L. It follows from our assumption that L is greedy that supCji and inf C
j
i+1 are incomparable
in P and hence (supCji , inf C
j
i+1) is a jump in L
j .
Let i ≥ 1 be such that Ci and Ci+1 are chains of two distinct components of P and consider
L(i) to be the linear order obtained from L by swapping Ci and Ci+1. Then L
(i) is a greedy linear
extension of P if and only if L is a greedy linear extension of P .
Corollary 2. Let P be a disjoint sum of m chains. Then |G(P )| = m!.
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Figure 3: A disjoint sum of posets with no greedy balanced pair in any connected component.
It should be noted that for a disconnected poset a greedy balanced pair in a component is not
necessarily a greedy balanced pair in the poset. The example depicted in Figure 3 has eleven greedy
linear extensions. No greedy balanced pair of the fence on four elements is greedy in the disjoint
sum. Indeed, GPP (a < b) = GPP (d < c) = GPP (a < d) = 811 >
2
3 .
The proof of the following proposition is easy and is left to the reader.
Proposition 3. Let P = P1 ⊕ P2 ⊕ · · · ⊕ Pk. Then
|G(P )| =
k∏
i=1
|G(Pi)|.
Let P = (V,≤) be an ordered set (not necessarily N -free). A subset A of V is called autonomous
(or interval or module) in P if for all v 6∈ A and for all a, a′ ∈ A
(v < a⇒ v < a′) and (a < v ⇒ a′ < v). (1)
For instance, the empty set, the singletons in V and the whole set V are autonomous in P .
Let P be an ordered set. A subset {x, y, z} of P is good if x < z, z ≁ y and {x, y} is autonomous
for P \ {z} (note that in this case we must have x ≺ z). In [16], the author of this note showed
that if {x, y, z} is a good set, then (x, y) is a 13 -balanced pair. The example depicted in Figure 3
shows that this is not true for greedy linear extensions. Indeed, {a, b, d} is a good set yet (a, b) is
not a 13 -greedy balanced pair.
Our main result is this.
Theorem 4. Every finite N -free ordered set which is not totally ordered has a 12-greedy balanced
pair.
In particular, an N -free ordered set which is not a chain has necessarily an even number of
greedy linear extensions.
Notice that every finite ordered set can be embedded into a finite N -free ordered set (see for
example [10]). It was proved in [1] that the number of (unlabeled) N -free ordered sets is
2n log2(n)+o(n log2(n)).
2 N-free ordered sets
The following lemma will be useful. Its proof is easy and is left to the reader.
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Lemma 5. Let P be an N -free ordered set and x, y ∈ P . If x and y have a common upper cover,
then x and y have the same set of upper covers. Dually, If x and y have a common lower cover,
then x and y have the same set of lower covers.
Lemma 6. Let P be an N -free ordered set which is not totally ordered and suppose that every
minimal element x is either maximal in P or x has an upper cover which is not minimal in P \{x}.
Then P has two distinct minimal elements m,m′ such that {m,m′} is autonomous in P .
Proof. We recall that the decomposition of P into levels is the sequence P0, · · · , Pl, · · · defined by
induction by the formula
Pl :=Min(P − ∪{Pl′ : l
′ < l}).
In particular, P0 =Min(P ) the set of minimal elements of P . If P is an antichain, then the required
conclusion follows and we are done. Otherwise, P1 6= ∅. By definition of P1, every element of P1
has a lower cover in P0 = Min(P ). Let a ∈ P1 and let x ∈ P0 be such that x < a. It follows
from Lemma 3 of [15] that all upper covers of x are in P1. Since the upper covers of x cannot be
minimal in P \ {x} it follows that some upper cover of x has a lower cover y 6= x. It follows from
Lemma 5 that x and y have the same set of upper covers. Clearly, {x, y} ⊆Min(P ) and {x, y} is
autonomous in P . This completes the proof of the lemma.
3 Proof of Theorem 4
Lemma 7. Let P be an ordered set that has an autonomous set A such that |A| ≥ 2 and A is an
antichain. Then any pair of distinct elements of A is a 12-greedy balanced pair.
Proof. Assume |A| ≥ 2 and let x, y ∈ A. Let L be a greedy linear extension that puts x before
y and let L′ be the linear order obtained from L by swapping the positions of x and y. Then L′
is a greedy linear extension of P . Indeed, any element above x in P is also above y in P and
vice versa. Hence, every element between x and y in L must be incomparable to both x and y
and therefore L′ is a linear extension of P . Also, any element incomparable to x in P is also
incomparable to y in P and vice versa. The swapping operation defines a bijection from the set
of greedy linear extensions that put x before y onto the set of greedy linear extensions that put y
before x. Therefore, GPP (x < y) = 12 .
Lemma 8. Let P be an ordered set (not necessarily N -free) and suppose that P has a minimal
element a such that a is not maximal in P and every upper cover of a is minimal in P \ {a}. Let
x and y be two incomparable elements of P \ {a}. Then the number of greedy linear extensions of
P that put x before y equals the number of greedy linear extensions of P \ {a} that put x before y.
Proof. Let L be a greedy linear extension of P . We claim that L \ {a} is a greedy linear extension
of P \ {a}. Clearly, L \ {a} is a linear extension of P \ {a}. Also, the successor a∗ of a in L (a
cannot be maximal in L since it is not maximal in P ) must be an upper cover of a in P since every
upper cover of a is minimal in P \ {a} by assumption. Now let a∗ be the predecessor of a in L
(if such an element does not exist, then a is minimal in L and hence L \ {a} is greedy and we are
done). Then a ≁ a∗ ≁ a∗. Indeed, the first incomparability follows from a is minimal in P and
a∗ < a and the second incomparability follows from a
∗ is minimal in P \{a} and a∗ < a
∗ in L\{a}.
Now suppose for a contradiction that L\{a} is not greedy. Then there exists z ∈ P \{a} such that
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a∗ is its unique lower cover in P \ {a}. Since a ≁ a∗ and all upper covers of a in P are minimal in
P \ {a} it follows that z is incomparable to a in P and hence z must have appeared after a∗ in L
which is not the case contradicting our assumption and proving our claim.
Denote by G(P : x < y) the set of greedy linear extensions of P that put x before y. We
will exhibit a bijection from G(P : x < y) onto G(P \ {a} : x < y) where a 6∈ {x, y}. Let L be
a greedy linear extension of P that puts x before y. Consider the map φ from G(P : x < y) to
G(P \ {a} : x < y) that maps L to L \ {a}. Then φ is well defined. Moreover φ is onto. Indeed,
if L′ is an element of G(P \ {a} : x < y), then let a∗ be the least element in L′ being an upper
cover of a (in P ) and insert a immediately before a∗ to obtain a linear extension L in which x < y
and which is clearly greedy because if a∗ is the predecessor of a
∗ in L′, then a ≁ a∗ ≁ a∗. Next we
prove that φ is one-to-one. Let L and M be two greedy linear extensions of P that put x before
y. We view L and M as two order preserving bijections from P onto the total order 1 < · · · < n
where n is the number of elements of P . Let i and j be such that L(a) = i and M(a) = j. Let
a∗ be the element of P such that L(a∗) = i+ 1. Since L is greedy, a∗ is an upper cover of a in P .
Then M(a∗) > M(a) = j since a < a∗ in P .
Suppose that φ(L) = φ(M), that is, L \ {a} = M \ {a}. Then L \ {a}(x) = M \ {a}(x) for all
x 6= a. Note that L\{a}(x) = L(x) for all x < a in L and L\{a}(x) = L(x)−1 for all x > a. Hence,
M(a∗)− 1 =M \ {a}(a∗) = L \ {a}(a∗) = L(a∗)− 1. Therefore, M(a∗) = L(a∗). By symmetry we
show that if b is the element of P such that M(b) =M(a) + 1, then L(b) =M(b). Clearly we have
M(b) ≤ M(a∗) and L(a∗) ≤ L(b). Hence, M(b) ≤ M(a∗) = L(a∗) ≤ L(b) = M(b) and therefore
L(a∗) = L(b). Since L is a bijection we infer that b = a∗. Finally we have that L(a) = M(a) and
we are done. This proves that φ is one-to-one.
Corollary 9. Let P be an ordered set (not necessarily N -free) and suppose that P has a minimal
element a such that a is not maximal in P and every upper cover of a is minimal in P \ {a}. Then
|G(P )| = |G(P \ {a})|.
We now proceed to the proof of Theorem 4.
Proof. (Of Theorem 4) The proof is by induction on the number of elements of the ordered set.
Let Q be an N -free ordered set not a chain. If Q has exactly two elements, then Q is an antichain
in which case Q satisfies the conclusion of the theorem. Next we suppose that Q has at least three
elements and is neither a chain nor is an antichain. If every minimal element a ∈ Q is either
maximal in P or a has an upper cover which is not minimal in P \{a}, then it follows from Lemma
6 that Q has two minimal elements x, y such that {x, y} is autonomous in Q. We then deduce
from Lemma 7 that Q has 12 -greedy balanced. Else, Q has a minimal element a such that a is
not maximal in P and every upper cover of a is minimal in P \ {a} and consider Q \ {a} which
is N -free, not a chain and has fewer elements than Q. By the induction hypothesis, Q \ {a} has
a 12 -greedy balanced pair. From Lemma 8 we deduce that a
1
2 -greedy balanced pair in Q \ {a}
remains 12 -greedy balanced in Q. This completes the proof of the theorem.
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